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ABSTRACT

At high frequencies, the flexural vibrations of a plate are
described very poorly by the classical (Lagrange) theory becanse of
neglect of the influence of coupling with thickness-shear vibratisas.
The latter may be taken into account by inclusion of rotatory inertia
and shear delormation terms in the equations, The resulting frequency
spectrwn is giveny in this paper, for the case of axially symmetric
vibrations cf a clircular disk with free edges and is compzred with the

spectrun predicted by the classiecal theory.
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Introduction

The problem of free vibrations of a thin, isotropic, elastic, circular
disk, of constant thickness, was first attacked by Poisson (1)1 over a cen-
tury ago. Basing his invastigation on the classical (lagrange) theory of
plate3, he obtained the lower fraquencies of the axlially symmetric flexursl
motions of such a disk with a traction-free boundary.

It is well known that the classical theory satisfactorily predicts
actual behavior only for the first few flexural modes of motion of a plate
whose thickness is small in comparison with its other dimensions. For the
higher flexural modes the influence of coupling with the thickness-shear wmcda
of motion becomes increasingly important. Hence, the clsssical theory, ia
which this efifect is no* taken intc a2ccount; ceasss to visld rsliasble inlorma-
tion (2). In particular, at the frequency of pure thicknoss-shear vibration
of an infinite plate (i.e., displacement constant in direction and parallel
to the plane of the platc ), a drastic change occcurs in the freguency spectrum
of a finite plate (3,4).

Ths inflrerce of coupling between flexure and shear is taksn into ac-
count by inolusion of rotatory inertia end shear defomnaticn terms in the
equations. The resultiag change in the frequency spectrum has been given
praviously for the case of & free~free beam (3) and a class of antiscymmetric
modes of motion of a circular disk (4). The present paper cuntains a dis-
cussion of the sxially symmsiric, flexural) vibrations of a free disk, with
emphasis on behavior in the neighborhood of the thickness-shear frequency.
The spactrum obtained with consideration of the efiects of rotatory inertia

and sheer deformation is compered with that predicted by the classical theory.

1 Numbers in parenthesis refar to Bibliography at the end of the paper,
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Elate Equations

If account i1s taken of rotetory inertia and shear deformation, the

plate stress-displacement relations in polar coordinates, for the axially

syxmetric case2 s becoms

/V""~ or
M‘;:D(]/%-'%J-%é)
6, = euh (4 + ) -

3
where D - £h ,'/"2 (1-v*) s £ 344 sV 5 and h are Youug's modulus. the
shear modulus, Pcisson's ratio, and the thickness, rsspectively, ard ~'= ﬂ’//z

The functions 115 and W are related to the radial and axial components of

the displacement according to the approximations
“, = 2 Y(r,t)
2 Jh (2]
U, a2 W(r, T)
Uy 4 the circumferential component of the displacement, is zero.
The plate equations of motion3, for the present probiem, are

ph’ 22

EM,« M,- "'Mg

T e T 03]
/?‘&_" + Qr — o/) ?_7;‘4_/
or T T ottt

vhere © is the density of the plate.

2 These are given, in the geneial case, by eqza".;ions (3] of (4).
4)e

3 For the general case, see Equatioms {2] of
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If we now insert Equations 1] in (3] we obtain the plate displacement

equations of motion. Omitting the time factor (?‘Pf, these become

d B 2* z
(F+r)d v (F=+ L L) -0

Equations [4] may be uncoupled by differentiating the second equation
once and subtracting ihe result from the first one, This procedur- yields
an expression for ‘/ in terms of W 4 which, when inserted into the second

of Equations [4], gives a single equation on W only:

(Rt w0 (5]

where

+ ﬁ2_5)2+4’/d;—¢]

2] ¢ - z
S:DK//J’T’ dz ':{D.ch/D) K = /1/'2
The expressicn for (U in terms of w 1s given by

¥ = (=g s

drj_d,—z_ ,L (Sd’) +b)]W [6)



Solution of Equetions of Motion

Equstion [5) ey be solved for w bty noting that
W= w, + W, [7}

wvhere w, and W, satisfy, respectively, the equations

dz ld Z .
(Frrirrd)u=0, coq2 [}

Hence, the shear displacement yﬁ is found to be

b= Ag-1) 77+ (6-1) 52 (9]

where

Both of Equations [8] are Bessel equations of zero order., In dealing

with a solid disk, their appropriate soclutions are
w, = A T (Jr)
{10]
A, L (&)

vhere A , Az. are arbitrary constants,

H

W
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For a plate with a traction-free edge, t“he boundary conditions are
M o=@ =0 at r-a [11)
where a is the radius of the plate,

Inserting Equations [1]}, [9] and [10] in Equations {11], the boundary

conditions berome



(12]

where primes indicate differentiation with respect to the argument.

Frequency Eoustion

The seculer egquation, poverning the frequency, is obtained by setting
the determinant of Equetions [12] equel to zero. The resulting equation may

be written in the form

174 Jf,' + e 3(’//; - (r-v)(:-%*) =0

1la
’+3 /1“3 [ ]

where

ZEENC f‘J/,“J 37’(’/5,
/,7=JZ(,;)/J,—((,y) : deZ(ﬁ/)/Jf(é,})

It may be observed thet g is a material constant, depending only on Poisson's
ratio, while the remaining functions in Equation [13a] depend on the freguency.

Since (f is resl for all positive values of the frecuency p 4 while (£
7

if2
is recl or imaginery, derending on whether f) is greater or less than/E =/r(qu) n,

/3 will be real or imaginary according as pPzp .4 For the range f?</; 5
if wve let 4 = LA% s the frequency equation may be transformed to the more

convenient. form

& }5 is the frequency of the first thickness-chear mode of an infinite plate.
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Y G, - (1-v)(is 32) =0 [13b]

where G, - 7, (3 ),)/[/ (/;/f’)’ ard [ (x} f',(,(} are modified Bessel functions
of the first %ind.

We mey find an explicit formuls for the frecuency by means of the rela-

r

tion ,.*f—(,iz /{’ and the expressions for ¢ and (f wrich immediatzly follow

Fouation [ 5]. Thus,

pIF = [1-20egl gl [ 5
L -1 B (14]
< [ongtog/g-37 1%, pep
In ad‘tion, frem the relation y - d'a 5 we find
din =y (p/p)[(113) /3 ["  pop -

v

dlh

W

!
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y (BIPLC-302 (gl pep
where d is the diameter of the disk,
The complete solution of the problem is contained in Equations {131,
[14), and [15]. With the value of 2/ specified for the material of the plate,
a ckoice of 4 or f5 deternines p/ﬁ by Ecuations [14],y and yields an in-

finite set of roots Y of Ecuations [13]. For the chosen /3 or 3

2 each of

these roots furnishes a ratio d//y through Equations[15)y so that there

results an infinite set of values of c///) corresponciing to every value of
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The resulting curves, for ¥ = 0.312 (corresponding to g = 0.283), are shown
in Fig. 2,

The presence of the thickness-shear mode is represented, in the present
theory, by the rotatory-inertia coefficient, F, and the shear-deformation
coefficient, S. (In the sequel, this theory is referred to as RS and the
classical theory as C). It may be verified that the secular equation of RS
(Equation [13]) degenerates to that of C (Equation [17]) for the limiting case
R :5=0 (e0 that d , 0(:: fd:l). Hence the curves of Fig. 1, when ex-
tended down to /7?;==0 s approach those of Fig., 2 asymptotically. The sup-
pression of shear deformation in C serves as a constraint which raises the
frequencies,; in that theory, above those of RS, As a result, for s given plate,
RS revssals that there are many more resonances, in a given freguency range,
than are predicted by C. For exampls, for aCé, = 40 | there are 25 res-
onances in the range O 4/1‘,{5< / 3 vhereas G predicts only 16.

Furthermore, in designing a plate to resonate at a certain frequency,
in its fundamental mode, one would be led %o choose tooc large a plate on the
basis of . For example, for /965 = 0,05ythe diameter would be in excess
by 2.61%. This discrepancy incrzases with the ratio of plate thickness to
wave length of mode and, hence, with the order of the mode. For example, if
the secor. sode of the plate is to vibrate at /U‘E' = 0.05, the error in
diametar shnsan on the basia of € would be 2.86%., The discrepancies are
more prorounced at higher frequencies. Thus, the error in dlameter of a
plate designed, according to C, to rescnate at /365' = 0.1y in the first
mod-, is 5.33% and; in the second mode, 5.79%.

The most striking difference between the two theories occurs at fre-
quancies above that of the fundamental thickness-shear mode, as may be seen

from Figs. 1 ard 2.
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